The classical Ostrowski inequality for functions on intervals estimates the value of the function minus its average in terms of the maximum of its first derivative. This result is extended to functions on general domains using the L ∞ norm of its nth partial derivatives. For radial functions on balls the inequality is sharp.
Introduction
The classical Ostrowski inequality (of 1938) [5] is
for f ∈ C 1 ([a, b] ), x ∈ [a, b], and it is a sharp inequality. Further related work was done by the first author in [1] . Inequality (1.1) was extended from intervals to rectangles in R N , N 1, see [2, p. 507] . The extension to general domains in R N was recently done by the authors [3] . The resulting inequality was sharp, and equality was shown to hold for certain radial functions on balls. The righthand side included the factor ∇f ∞ . The extension of (1.1) to higher order derivative bounds on an interval was obtained in [2, p. 502] .
Our purpose here is to extend the results of [3] and [2, p. 502 ] to the higher order case when ∇f ∞ is replaced by max |α|=n D α f ∞ for W n,∞ functions on balls and more general domains. The obtained inequalities are sharp on balls.
Main results
Let N > 1, B(0, R) := {x ∈ R N : |x| < R} be the ball in R N centered at the origin and of radius R > 0. Let S N −1 := {x ∈ R N : |x| = 1} be the unit sphere in R N . Let dω be the element of surface measure on S N −1 and let
For x ∈ R N − {0} we can write x = rω, where r = |x| > 0 and ω = For f ∈ C(B(0, R)) let
be the averages of f over the ball and the sphere, respectively. Here f can be real or complex valued. Letf
be the average of f (x) as x ranges over {y ∈ R N : |y| = r}. Then
measures how far f is from being a radial function. More precisely, N is a seminorm on C(B(0, R)), and N (f ) = 0 if and only if f is a radial function, i.e. f (x) = g(r) for some function g ∈ C([0, R]). We view how close f is to being radial by measuring N (f ); the closer f is to being radial, the smaller N (f ) is and conversely. Let Ω be a domain in R N and let
The Lipschitz constant of f ∈ Lip(Ω) is
This is a Banach space under the norm
(see [4] ). Clearly W n,∞ (Ω) ⊃ C n (Ω). Our first main result is the following.
Theorem 2.1. Let f ∈ W n,∞ (B(0, R)).
Then for x = rω as above
where n ∈ N, β n = 0 or 2, according as n is even or odd. The constants in (2.6) are best possible, equality can be attained for nontrivial radial functions at any r ∈ [0, R].
and the larger bound D n f ∞ replacing ∂ n f ∂r n ∞ gives perhaps a simpler version of the inequality (2.6).
We observe by Taylor's formula that
where 
To evaluate the integrals in (2.14) we use an elementary calculation as follows.
Lemma 2.1.
where n ∈ N, β n = 0 or 2, according as n is even or odd.
Proof. (i) We have
Continuing the calculation in (2.14)
by Lemma 2.1. Hence (2.6) follows.
Let n be even. Let f be a radial function so that f (x) = g(r). Then equality in (2.6) is attained by g(r) = (r − z) n for any fixed z satisfying 0 z R. We observe that g (j ) (z) = 0, j = 0, 1, . . . , n − 1, and g (n) 
We look at inequality (2.6) evaluating the function at z,
Because N (f ) = 0 and β n = 0 the right-hand side of (2.6) reduces to
That is equality holds in (2.6).
The optimal function in the case of n being odd is
Direct calculations show, for n odd, It follows that
The left-hand side of (2.6) is
Since N (f ) = 0 and n is odd, using the calculation on g given above leads to the conclusion that
Thus equality holds in (2.6). This completes the proof of the sharpness of inequality (2.6). The proof of the theorem is now complete. 2
Note that the extremal functions which give equality in (2.6) in the case of n odd are not in C n (B(0, R) ). To find a sequence {f ν } ν∈N of approximate extremal functions in C n (B(0, R)), simply take f ν (x) = g ν (r), where
(2.28)
Next we treat the case of r = R.
The constants in (2.29) are best possible, equality can be attained for nontrivial radial functions.
Proof. Here from (2.6) we get 
By (2.33) we have The function f (x) = g(r) = (R − r) n gives equality in (2.29), whether n is even or odd. 2
Functions on general domains
The next result gives higher order Ostrowski type inequalities for functions on general bounded domains in R N . ∞ (B(0, R) ), and for all x = rω ∈ Ω, 
